Recently, it has been shown that quantum steerability is stronger than the bound set by the instrumental causal network and quantum instrumentality cannot simulate EPR-nonlocal correlations. In this work, we show that although quantum steering may be stronger than what is allowed by the instrumental causal network, the non-local advantage of quantum local coherence (NAQC) can only be achieved under ordered causal network but not under one-sided quantum instrumentality (1SQI) and outcome communications. As a consequence of our work, it is observed that there is a qualitative difference between the idea of NAQC and EPR non-locality. Furthermore, the principle of no NAQC beyond quantum instrumentality can be used to single out EPR-nonlocality. Introduction.-Our fundamental interest in science is to debunk the mystery of our universe by revealing its underlying laws. Quantum mechanics, so far has been one of the most successful theory of our universe. However, basis of why quantum mechanics works still puzzles us. There have been several attempts to simulate quantum mechanical results using the principle of locality, non-contextuality, determinism or realism and free will to name a few. In an attempt to provide an ontological model for quantum mechanics, a number of no-go theorems including the Bell theorem, Bell-Kochen-Specker theorem and the EPR theorem [1-3] were proposed using such theory-independent, physically motivated principles with the hope to single out quantum theory as a primary model to explain nature amongst the plethora of generalized probabilistic models.
nication complexity [4, 7] and macroscopic locality [14] . Even though there has been significant progress, a nogo theorem based on a set of physically motivated laws or principles, which could simulate quantum mechanical results uniquely, is still unknown.
Recently, ontological models based on the principle of causality have garnered interests and led to the development of the field of quantum causal modeling [15] [16] [17] [18] [19] [20] [21] [22] which brought forth a number of fascinating results including the idea of no definite global causal order [12, 13] and its applications [23] . It was surprising when the same was experimentally verified [24] , thereby violating the traditional assumption of the existence of a definite causal order. Therefore, it is now natural to ask whether the violation of various no-go theorems is because of the stricter notion of causal order.
To that end, several attempts have already been made to understand quantum nonlocality [25] [26] [27] [28] [29] [30] [31] , contextuality [32] and EPR-nonlocality [33] relaxing the stricter notion of ordered causal relation. In this regard, the quantum instrumental causal network is one of the most promising structure of causal models. Quantum instrumental processes are a generalization of their classical counterparts with quantized communication receiving nodes with underlying local hidden variable (LHV) or state (LHS) model and outcome communications (see Fig. 1 ).
Instead of the traditional ordered causal network, search for various new quantum causal models has drawn quite a bit of attention [33] [34] [35] [36] in the last few years. In a recent work, device independent instrumental inequality was shown to admit a quantum violation [37, 38] . On the other hand, EPR-nonlocality was shown to be stronger than the bound set by the instrumental causal network [33] or one sided quantum instrumental network (1SQI). In the same fashion, most of these results in this direction, also turn out to be a failure and instead, indicate a new kind of resources in quantum information theory.
In this paper, in an attempt to find a theory-dependent principle or no-go theorem of quantum mechanics, we study steerability of a state using its local quantum coherence [39] [40] [41] . We derive a set of new tighter steering inequalities based on various coherence measures. Violation of these inequalities implies nonlocal advantage of quantum coherence (NAQC) beyond what a single system can achieve. We then derive a similar set of inequalities under 1SQI model [33] . It turns out that unlike quantum steering, NAQC is upper bounded by 1SQI. In [39] , it was shown that all states with NAQC are steerable but opposite is not true. However, here we show that there is not only a quantitative difference between the two but also a qualitative one. One sided quantum instrumentality(1SQI)-We consider a steering scenario where Alice prepares a bipartite state and sends a part of the system to Bob, who does not trust her. Alice tries to convince Bob that his state is entangled with hers. To that end, Bob asks Alice to perform certain tasks. Bob believes that there exists an unobservable shared source Λ influencing both of them. In local hidden state (LHS) model, Bob thinks that there is no direct causal influence from Alice to Bob but here we relax that assumption and consider that there is indeed a direct causal influence from Alice to Bob as shown in Fig.(1) b) through a directed acyclic graphs (DAGs). The conditional states of Bob ρ a|x (unnormalized) under 1SQI model are then represented by
where P λ is a probability distribution over the hidden variables λ assigned to the node Λ, p(a|x, λ) is the conditional probability of obtaining outcome a for the measurement setting x and hidden variable λ to node A and ρ λ,a is the LHS with Tr(ρ λ,a ) = 1 assigned to node B by the model. In contrast, the conditional states under the usual LHS model have a representation as
Non-local advantage of quantum coherenceThis section is dedicated to the derivation of the nonlocal advantage of local quantum coherence under the usual ordered causal relation as well as instrumental causal relation. To start with, we first derive the coherence complementarity inequalities based on various measures of quantum coherence for a single qubit state. We consider a general qubit state ρ = 1 2 (I 2 + r. σ), where | r| ≤ 1 and σ ≡ (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. The coherence of the state when expressed in the eigenbasis of σ i , can be expressed by the l 1 -norm of coherence (C l1 ) as
where i = j = k. For the remainder of the article we adopt the notation i, j, k ∈ {1, 2, 3}. Similarly, the relative entropy of coherence (C r ) with respect to the i th basis is given by
Using the fact that (C
2 ≥ 0, where we take α ∈ {l 1 , r}, the expressions in Eq. (3) and Eq. (4) reduce to
where Ω l1 = 2 and Ω r ≈ 1.661 for an arbitrary qubit state. Using a similar approach it is possible to extend the inequality for arbitrary states in any dimension. We now derive a new NAQC inequality under both ordered and instrumental causal networks. Without loss of generality and for simplicity, we limit our analysis within the regime of two-qubit states, while the results can be easily extended for any general bipartite states. We consider a two qubit bipartite state ρ ab prepared by Alice and shared with Bob. We also assume that the conditional states of Bob admit an LHS or 1SQI model as given by Eq. (2) and Eq. (1) respectively. Bob measures the following quantity S on his subsystem: (6) where
is the normalized conditional state of Bob and p(c|x) = Tr(ρ c|x ) = λ P λ p(c|x, λ) is the probability of being in the state. As we next show, the quantity S has a nontrivial bound under both the ordered and instrumental causal network. We derive bounds for both the cases below. Proposition 1. Under LHS model and ordered causal network, the quantity S that Bob measures on his particle is bounded as
Proof. A proof of the above under a LHS model is outlined below.
where
The first inequality in Eq. (8) comes from the fact that conditional states have representations as given by Eq. (2) and the fact that coherence does not increase under classical mixing of states, i.e., for a state ρ = i p i ρ i such that
We have also considered the fact that for any real numbers x and y, xy ≤ 
Plugging Eqn. (9) in (8) we get,
where we arrive at the final inequality by considering the coherence complementarity relations given in Eq. (5). This concludes the proof.
Violation of the above inequality for any quantum state not only implies that the state is steerable but also shows that Bob can achieve the nonlocal advantage of quantum coherence beyond what could have been possible without the intervention of Alice nonlocally. In [40] , a set of steering complementarity relations were derived. Here we show a set of similar complementarity relations in the supplemental material [42] .
In the next section, we focus on deriving a similar bound of the quantity S under the 1SQI model with outcome communications.
Proposition 2. If Bob assumes that his conditional states admit descriptions as given by 1SQI model in Eq. (1) and measures the quantity S on his states, it must be bounded by
Proof. Proof of this inequality follows along the same line of approach as before.
FIG. 3:
We plot S (solid, red) with the varying values of pw for the Werner state (15) using the relative entropy measure of quantum coherence. S violates the bound (dotted, blue) given by the inequality in Eq. (7) but does not violate the bound (dashed, black) given by the inequality in Eq. (11) .
As before, it can be shown that for an arbitrary qubit state,
Plugging Eqn. (13) in (12), we get,
As before, in the first inequality in Eq. (12), we use the 1SQI model as given in Eq. (1) and the fact that coherence does not increase under classical mixing. The second inequality is a consequence of the fact that for any two real numbers x and y, xy ≤ . In the last inequality in Eq. (14), we use the coherence complementarity relation as given in Eq. (5).
For example for both the cases of ordered and instrumental causal networks, we consider Werner states, given by
where 0 ≤ p w ≤ 1 and |ψ ab is the Bell singlet state. We plot the behavior of S with respect to p w in Fig. 2 and Fig. 3 respectively using both l 1 -norm and relative entropy of coherence as measures of coherence. From the plots, we find that the quantity S violates the bound set by the ordered causal network for p w > 0.707 for the l 1 -norm of coherence and p w > 0.961 for the relative entropy of coherence.
On the other hand, the inequality in Eq. (11) is not violated by the Werner state for any range of p for the l 1 -norm measure of quantum coherence in Fig. (2) as well as relative entropy measure of quantum coherence in Fig. (3) . Now, it was shown that there exist quantum states which exibit stronger EPR-nonlocality than the bound set by 1SQI ( [33] ), i.e., quantum steering cannot be explained by the 1SQI model. However, in this article, we start with a new stronger coherence based steering inequality [39, 40] under the ordered causal network. We observe the violation of the inequality as shown in Fig.  2 and 3 . We term the phenomena as NAQC. We derive a similar bound on the quantity under the instrumental causal network and outcome communication. It turns out that the new inequality for the instrumental causal network is never violated by the NAQC. This implies that although quantum steering cannot be simulated by the 1SQI model, NAQC can indeed be singled out uniquely by the 1SQI model. This shows not only a quantitative difference between the EPR-nonlocality and NAQC but also a qualitative difference between the two.
Conclusion-In this work, we propose a quantity S (6) based on the local quantum coherence of the state of Bob and analyze its behaviour under the LHS model for ordered and 1SQI causal models. We find that both the models impose different nontrivial bounds on the quantity. A violation of our proposed inequality in Eq. (7) implies NAQC as was introduced in [39, 40] . Like [33] , a violation of the inequality in Eq. (11) would certify that NAQC beyond the quantum instrumentality is possible just like quantum steerability. However, we observe that although quantum steering in general can be more stronger than what quantum instrumentality allows, NAQC is in turn upper bounded by the 1SQI bound. In other words, it is possible to achieve NAQC under ordered causal models but not NAQC beyond instrumental causal network.
This also shows a qualitative difference between the steerability of a quantum state and its NAQC. Whereas, quantum steerability or the EPR-nonlocality may be more stronger than the bound set by the 1SQI, the NAQC on the other hand, admits the 1SQI bound.
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I. SUPPLEMENTAL MATERIAL
Steering complementarity relationships-We now derive a set of steering complementarity relations for various steering inequalities for the case of definite causal order. These relations are complementary in the sense that if one of the steering inequalities is violated by a state, its complementary part in the complementarity relation does not violate the corresponding steering inequality.
We consider the quantity S (i,j,k) , defined as follows, and show that for any arbitrary quantum state, it is bounded. Since the analysis holds for arbitrary quantum states, the bound cannot be violated by quantum theory.
To arrive at the bound in the above Eq. (16), we use the following facts in the first and second inequality respectively: i). For any two real numbers x and y, xy ≤ and ii). Coherence complementarity relations from the Eq. (5).
The quantity S (i,j,k) can be decomposed into several parts for which a set of steering inequalities can be derived. For example, we consider the following decomposition, (17) where, the subscript for each term denotes the choice of basis i, j and k. Below, we show that each term represents a steering inequality and for each term, a steering inequality can be derived. A new steering inequality can be derived by add two or more terms in the decomposition but not all of them together. In the paper, we have explicitly derived the bound of the quantity S (i =j =k) , while the bound for the rest of the quantities can be derived following the same method. Here we elucidate the various decompositions of S (i,j,k) and derive their bounds following a new method. These bounds are relatively weaker than those found following the method given in the paper. However, one advantage of these new bounds is that sum of these bounds of all the terms in the decomposition gives the bound given by the Eq. (16). We explicitly calculate the new bound for the quantity S (i=j,k) below, while bounds for the rest of the quantities can be derived following the same method as shown below. 
In a similar manner, we obtain,
We plot the behaviour of S (i,j,k) and S (i =j =k) for varying p W using l 1 norm and relative entropy of coherence in Fig. (4) and Fig. (5) respectively. It is observed that while S (i =j =k) shows the violation for both, S (i,j,k) is always satisfied.
If a steering inequality corresponding to a term or a particular group of terms appearing in the decomposition in Eq. (17) is violated for a particular state, the rest of the terms together cannot violate the corresponding steering inequality and in fact compensate for the violation of the former inequality such that S (i,j,k) is always satisfied.
